690

10" A. Howie, Proc. Roy. Soc. London A 271, 268 [1963].

11 M. Wilkens, Phys. Stat. Sol. 6, 939 [1964].

12 A. Howie and Z. S. Basinski, Phil. Mag. 17, 1039 [1968].

13 M. Wilkens, Phys. Stat. Sol. 13, 529 [1966].

14 D. J. H. Cockayne, Z. Naturforsch. 27 a, 452 [1972].

15 P. B. Hirsch and C. J. Humphreys, Proc. 5th Europ. Re-
gional Conf. on Electron Microscopy, Manchester, p. 520
(1972).

16 P, B. Hirsch, A. Howie, and M. J. Whelan, Phil. Trans.
Roy. Soc. A 252, 499 [1960].

17 H. Bethe, Ann. Phys. 87,55 [1928].

18 K.-H. Katerbau, to be published.

19 F. Haussermann, K.-H. Katerbau, M. Riihle, and M. Wil-

P. Griff, H. Tasso, and J. Steuerwald

kens, J. Microscopy, in press.

20 G. Radi, Acta Cryst. A 26, 41 [1970].

2t A. Howie and M. J. Whelan, Proc. Roy. Soc. London
A 267, 206 [1962].

22 M. Wilkens, M. Riihle, and F. Héussermann, Phys. Stat.
Sol. 22, 689 [1967].

23 J. A. Sprague and M. Wilkens, Proc. 7th Intern. Congress
for Electron Microscopy, Grenoble, Vol. I, p. 95 (1970).

24 M. Wilkens and M. Riihle, Phys. Stat. Sol. (b) 49, 749
[1972].

25 F. Haussermann, M. Riihle, and M. Wilkens, Phys. Stat.
Sol. (b) 50, 445 [1972].

An Exact 2-Point Distribution for Burger’s Turbulence *
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(Z. Naturforsch. 28 a, 690 —692 [1973] ; received 6 February 1973)

An exact possible turbulence for Burger’s equation is found. It allows the 2-point distribution

function to be calculated in closed form.

Burger’s equation offers a solvable model of
hydrodynamics. This would be of great value to
strong turbulence as a means of testing approxima-
tion procedures or numerical methods if the statisti-
cal initial value problem could also be treated. How-
ever, rigorous results are difficult to obtain since
one is dealing with a Liouville equation for the in-
finitely many degrees of freedom of a continuum.
(A rigorous description of this kind of problem was
first given by Hopf! 1952.) The special case for
the spatial white noise at =0 was sketched earlier 2.
An admissible 1-point distribution for all times has
already been found . It is of Lorentz form:

Py (v, t) =~1/[a(t) +b(2) v*].

In this paper we derive the 2-point distribution func-
tion in closed form from the Hopf characteristic
functional.

Burger’s equation is of the form:

Qv/3t+v Qv/dx —» J%/32*=0. (1)

The ansatz v=—2» OlIn|M|/Qz due to Cole re-
duces Eq. (1) to the heat conduction equation:

Reprint requests to Dr. L. Johannsen, Bibliothek, Max-
Planck-Institut fiir Plasmaphysik, D-8046 Garching bei
Miinchen.

SM/3t = v 3°M/3a2 2)
whose relevant solutions are
M, 0) = (1)V2atr) [
Cexp{— (@— 8209} My(§) A5 (3)
and
p(z.1) = (M My) = (1/V8at»)
exp{— (z—§)Ber}p(5)di.  (3%)

-0

Consider the charactenistic functional ! for a Gaus-
sian measure which is conserved by the heat equa-
tion. For the simultaneous measure of M and M’
we get

ouw (a, B) =€[exp{f7wa(x) M(z) dx
+{£73°(x) M dz}]
= Elexp(i [ (a—§) M(2) da})=pu(a—F) (4)
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or, more explicitly, for the case of homogeneous turbulence

#(a, ) =exp{ 1 [ [ pL(z—y), ) a(z) 7 (=) [aly) —F ()] dedy)

—exp{~1[[ [p(a—y.1)a(z) a(y) - 28 a(@) Bly) ~p" B@) f)] &2 dy}  (5)

where p =9p/x.

The joint probability can be obtained from the characteristic functional by Fourier transforming:
4 ’ [ 4 1 4+w . a ’ ’
Pz : My, My'5 25: My, My, 1) = <’21> S exp{ —i[My Ay + My 2o + My 1y + My 115]}

-0

©)
exp{— 1 [T [P oy (2) co(y) ~ 20 a(®) foly) —p" Bo(x) fo(y)] dody}dly di ey duy

where ag(x) =41 0 (2 —2q) + 15 6(x—1x5)
Bo(x) = uy 0(x—21) + s 8(z—25).

Equation (6) becomes:

1 1 4
Py = — = exp{— % > Rix' m;m;} 7
> 422 V| Ryl p{ 21',%:1 ' HR (D
b p 0 —p M,
p Dy P’ 0 M,
where Rik = —0 p» _pou _p// -.anld m;= Ml’
_p/ 0 _ p// __pou AMgI

and using an algebraic computer code ! is was possible to calculate easily Riz' and | Ry |
Py Po+p” py” =Py P% — [P Po"*—p"* p+p"* "], =P’ (D" P—Po P”), [P’ (P P”"—Py Py") —P"]

Ri— 1 Po(Py*—p"%) +py” p% [p"(Po P —P P”) +P"*], —DP" (o Py —P Py”) 8
& IR | Py’ (P*—p¢®) —po P”% — [P” (@*—Po®) —P P”1 | (8)
S symmetric Py’ (P*—po®) —Po P
A=|Ry|=1(py"?—p" (p>—p*) +2p2(pops” —pPP") +p"* (8%)

Now we can calculate P, (z:vy, Z2:05, 1),

Py= [Py 6(v,+2v M/ M) 0(vs+2v My [My) dM, dM,dM,’ dM, . (9)

Using Eq. (7) for P/, we obtain:

+ 00

Py— »412 Vl—}m 432’ S o {a iﬂz;{a;ﬁ M M, M, | M, dM, dM,, (10)
((Po(Po”*—D") +p," P 2[p(p"*~py"*) —p? p"] i
- ff [po” (P>—Do2) —Po P™*] — [P’ (®ep”—popy”) — P ( l: = :‘)
, . + 11‘ P’ (py” P—po P”) = *;* v;: > [p” (P*—po?) —p P2
R = IRl Po(Py*—p""%) +py” P2 (1)
— +(52) v G—pd —per™
{ = 1;5 P’ (s P—po P”) J
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The remaining problem is the integration in (10), which is of the type:

+ 00 + OC

J | exsp{—[aa®+2fzy+yy*1}|z|lyldedy (12)
with a=R,”[2, B=R;)/2, y=Ry/2.
The integral (12) is also:
I:2Offexp{— [ax2+2ﬂxy+;’y2]}:rydxdy+20ffexp{—[az2—2ﬂry+;'J2]}xydxdy (13)
0 0
=21, +21,
Introducing new variables and 4= /3/)/ay, we have
Io= 1,(~7)
2 1 a J . -z ] -2 3.
and ll(A)z—ary a/:[l/l——lz_\e dee dg}.
0 Lx/y1-ae
Let us call K(a) = [e % dx ]‘e"zg dz
0 azx
then dK/da= — [e=1+®) zdz = —1/2(1 +a?)
0
and K= —larctg(A/V1—-122) +a/4. (14)
Using (10), (12), (13) and (14), we obtain:
Py(zy:v1, Zoivs, 1) ! Il 1+ 4 arctg(A/V1 — &) (15)

where 4, a, f, y are given in (8%),
and

(11) and (12)

A=BVay.
For x— ~ we obtain

Py~1/(a(t) +b(t) v®)(a(t) +b(t) vs2)

+ o0
which gives no correlations if [ P, v, v, dvy dv, is
- 00

calculated in the sense of a principal part.
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Notice also that the toal energy:
f Pi(v,t) v®*dv diverges

because P; is a Lorentzian distribution.

These peculiar results are due to the choice of a
Gaussian measure of the solutions of the heat equa-
tion. The comparison with numerical turbulence
calculations is then only possibel for not too large
Uy, Vs

3 P. Graff and D. Pfirsch, unpublished.
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